We compute the order 1/m 3 b nonperturbative contributions to the inclusive differential B → X c ℓν decay rate. They are parametrized by the expectation values of two local and four nonlocal dimension-six operators. We present the corrections to both the lepton and hadron spectra. The correction to the total rate turns out to be enhanced by log(m 2 c /m 2 b ).
I. INTRODUCTION
Over the last few years there has been much progress in our understanding of the inclusive decays of hadrons containing a single heavy quark. Combining heavy quark effective theory (HQET), with the operator product expansion (OPE), enabled one to show that the spectator model decay rate is the leading term of the well-defined expansion controlled by a small parameter Λ QCD /m Q , where m Q is the heavy quark mass [1] . Nonperturbative corrections to this leading approximation are suppressed by two powers of m Q [2] [3] [4] , and are parametrized by the matrix elements
and
where h v is the quark field in the heavy quark effective theory, and | H ∞ (v) is the pseudoscalar (d P = 3) or vector (d V = −1) heavy meson state in the infinite quark mass limit [2] [3] [4] . The scale dependent [5] matrix element λ 2 can be obtained from the measured B * − B mass splitting, λ 2 (m b ) ≃ 0.12 GeV 2 . λ 1 is harder to determine. Various estimates give values in the range λ 1 = −(0.2 − 0.6)GeV 2 * [6] . Recently λ 1 ≃ −0.35 GeV 2 has been extracted from the measured inclusive lepton spectrum in semileptonic B decays [7] . The corrections of order 1/m 2 b to the semileptonic B decay rate turn out to be small (3 − 4%). Thus the uncertainty in the value of λ 1 does not prevent us from extracting |V cb | from the measurement of the inclusive rate B → X c ℓν.
Here we compute the next terms in the 1/m b expansion of the differential decay rate B → X c ℓν. There are two sources of 1/m 3 b corrections. First, the OPE has to be extended * It was claimed in [8] that one can derive a model independent bound λ 1 < −3λ 2 . However, it was shown in [9] that perturbative corrections significantly weaken this bound.
to include dimension-six operators. Second, the lower order corrections calculated in Refs.
[ [2] [3] [4] are expressed in terms of the expectation values of dimension-five operators in the physical B states, rather than in the states of the effective theory in the limit m b → ∞.
Therefore they depend on m b beyond leading order. In Sect. II we discuss the contributions from the dimension-six operators to both the charged lepton spectrum and the hadronic spectrum, which are experimentally accessible quantities. The mass dependence of the states is discussed in Sect. III. In Sect. IV we present the complete 1/m 3 b contributions to the total rate and the hadron masses.
The knowledge of higher order nonperturbative corrections is essential for estimating the uncertainty in extracting HQET matrix elementsΛ and λ 1 from semileptonic decays [7, 10] .
Also, new interesting features arise at this order which are not present at lower orders. In particular, we find that the 1/m 
II. DIMENSION-SIX OPERATORS
The effective Hamiltonian density responsible for b → cℓν decays is
where
L is the left-handed lepton current. The differential decay rate is determined by the hadronic tensor
W µν can be expanded in terms of five form factors:
Then the differential semileptonic decay rate is given by
Here Γ 0 is the spectator model total decay rate in the limit of zero charm mass
and we have neglected the lepton mass.
We define the current correlator T µν by
One can easily see that
ImT i . Away from the physical cut T µν can be computed using the OPE [1] . Then analyticity arguments show that the smeared differential decay rate is correctly reproduced by the OPE calculation, provided the width of the smearing function is large enough.
The only diagram which has a discontinuity across the physical cut is shown in Fig.1a .
The corresponding contribution to the time-ordered product is In order to obtain the T i we have to expand eq. (9) to third order in D and then rewrite the result in terms of the heavy quark field h v . To the order we need it, b(x) is given by
. Finally, we evaluate the expectation values of the heavy quark bilinears using HQET. To do this we need the HQET equations of motion to order 1/m
The 1/m 3 b contributions can be parametrized by two matrix elements [11] , ρ 1 and ρ 2 :
The expectation value of any bilinear operator with three derivatives is expressible in terms of ρ 1 and ρ 2 :
(1 + v /), and Γ is any four-by-four matrix.
After a rather lengthy calculation we obtain the contributions from dimension-six operators to the form factors:
Substituting the imaginary part of these form factors into eq. (6) we obtain the corrections to the triple differential decay rate. The experimentally accessible quantities are the charged lepton spectrum and the hadronic spectrum. The former is obtained by taking the imaginary part of T To obtain the correction to the hadronic spectrum we integrate eq. (6) over E ν and express the result in terms of rescaled hadronic
The total rate is given by integrating eq. (20) or eq. (21) over the remaining variables:
+ρ 2 (27 − 72r + 216r 2 − 216r 3 + 45r 4 + 108r 2 log r)].
Note that eq. (22) diverges logarithmically as r → 0. There is nothing wrong with this, since our calculation is valid only for the charm mass significantly larger than Λ QCD . It is the latter condition that allowed us to discard the diagram in Fig.1b . For a discussion of the corrections to the total semileptonic decay rate from dimension-six operators with a light quark in the final state see Ref. [12] .
III. EXPANSION OF THE STATES
Above we have computed the 1/m 
where |B(v) is the physical B-meson state, rather than the state of the effective theory in the infinite mass limit |B ∞ (v) . Thus these matrix elements are mass-dependent. At order 1/m 2 b this distinction is irrelevant, but at higher orders this mass dependence has to be taken into account explicitly. We express the physical states through the states in the infinite mass limit of HQET using the Gell-Mann and Low theorem (see e.g., Ref. [13] ). This theorem implies that, to first order in 1/m b , |B(v) is given by
Utilizing eq. (24), one can easily expand the matrix elements in eq. (23) 
We then find
Thus these order 1/m Our starting point is the identity 
(this is incorrect at higher orders) and using the Gell-Mann and Low theorem, the general expression for the hadron mass reads
Expanding eq. (29) to order 1/m 3 b we obtain the mass formula:
and L I is given in eq. (25). Eq. (30) contains expectation values of both local and nonlocal operators. The local part can be evaluated in terms of the matrix elements λ 1 , λ 2 , ρ 1 and ρ 2 , while the nonlocal matrix elements are similar to those considered in the previous section and can be expressed through T 1 − T 4 . In terms of these matrix elements the meson mass is given by † If one starts from a similar identity with eigenstates of H on both sides of the matrix element, one obtains the same result after a somewhat more cumbersome calculation. 
